The formalism of line symmetry groups for one-periodic (1D) nanostructures with rotohelical symmetry has been applied for symmetry analysis of single-walled titania nanotubes (SW TiO 2 NTs) formed by rolling up the stoichiometric two-periodic (2D) slabs of anatase structure. Either six-or twelve-layer (101) slabs have been cut from TiO 2 crystal in a stable anatase phase. After structural optimization, the latter keeps the centered rectangular symmetry of initial slab slightly compressed along a direction coincided with large sides of elemental rectangles. We have considered two sets of SW TiO 2 NTs with optimized six-and twelve-layer structures, which possess chiralities (− ) and ( ) of anatase nanotubes. To analyze the structural and electronic properties of titania slabs and nanotubes, we have performed their ab initio LCAO calculations, using the hybrid Hartree-Fock/Kohn-Sham exchange-correlation functional PBE0. The band gaps (∆ε ) and strain energies (E ) of six-layer nanotubes have been computed and analyzed as functions of NT diameter (D NT ). As to models of 12-layer SW TiO 2 NTs of both chiralities, their optimization results in structural exfoliation, , the multi-walled structure should be rather formed in nanotubes with such a number of atomic layers.
Introduction
As a well-known semiconductor with a numerous technological applications, titania is comprehensively studied * presented at the 6th International Conference on Functional Materials and Nanotechnologies, March 17-19, 2010 , Riga, Latvia † E-mail: re1973@re1973.spb.edu in materials science [1] . The total number of TiO 2 polymorphs, discovered so far, is seven [2] . However, rutile and anatase undoubtedly prevail because of their higher stability as compared to other titania phases. Titania nanotubes (NTs) were systematically synthesized during the last 10-15 years using different methods and carefully studied as prospective technological materials [3] [4] [5] [6] [7] [8] [9] [10] [11] . Depending on the conditions of TiO 2 NTs synthesis, further XRD analysis identified their phase as either anatase or rutile (the anatase phase was prevailing at temperatures below 450°C) [4] . In other experiments, the walls of synthesized TiO 2 nanotubes were described as a polycrystalline mixture of both anatase and rutile phases [5] . Two types of morphologies were observed in recently synthesized titania tubular nanostructures: cylindricallike multi-walled (MW) and scroll-like, , containing various types of defects and impurities [3] . Their diameters usually vary from several to tens nm, with interwall distances ∼ 0 5 nm and lengths up to several µm [7, 8] . Beyond the synthesis of pure titania nanotubes, a number of studies was performed for titanate nanosystems as possible precursors in the synthesis of TiO 2 NTs after thermal and chemical treatment [10] . They were also synthesized as layered nanotubes with structures of protonic lepidocrocite H
x Ti 2−x/4 x/4 O 4 ( indicates a Ti vacancy) [11] as well as polytitanic H 2 Ti n O 2n+1 acids and related alkali-containing compounds [6] . Since the growth mechanism for TiO 2 nanotubes is still not well defined, their comprehensive theoretical studies attract enhanced attention. In most theoretical simulations on titania nanotubes performed so far, a model 3D→2D→1D of structural transformations described in Ref. [12] was applied, , the bulk (3D) phase turns into a lamellar product (3D→2D), then the latter is bent and rolled to a single-walled (SW) nanotubular form (2D→1D). For 2D structure, a slab model of thermodynamically stable anatase TiO 2 (101) surface [1] was mainly applied, which can be easily organized in double sub-sheets consisting of the two formula units with sixlayer O-Ti-O_O-Ti-O structure with a centered rectangular morphology [13] . Nevertheless, the latter was very scarcely considered for simulation on TiO 2 NTs, during the last three years only [14] [15] [16] , while a number of earlier and recent simulations on TiO 2 NTs were limited by triplelayered O-Ti-O structure, with optimization resulted in a hexagonal fluorite-like morphology [17] [18] [19] [20] [21] . This is not only due to computational limitations, , insufficient application of formalism of rotohelical symmetry in ab initio calculations, but also due to a presence of 3-layer fragments in structural units of separate walls in MW TiO 2 NTs [8] . As to anatase TiO 2 (001) surface, it was found to be considerably less stable than (101) surface [1] . According to theoretical simulations [22, 23] , the former can be reconstructed to a surface with lepidocrocite structure used for ab initio simulations on the corresponding TiO 2 nanotubes [17, 24] . Only SW TiO 2 NTs were simulated so far. In this study, we continue theoretical study on titania nanotubes with anatase structure as considered previously [16] . In Section 2, we describe the line group symmetry of various TiO 2 nanotubes with centered rectangular morphology. A new approach to the generation of the line group irreducible representations is suggested, which is based on the isomorphism between line and plane groups. Section 3 describes computational details that used for calculations on TiO 2 sheets and nanotubes with centered rectangular (anatase) structure. In Section 4, we analyze the results calculated for 6-and 12-layer models of SW TiO 2 NTs with anatase morphology, systematize and discuss them. Section 5 summarizes the main conclusions obtained in this study.
Symmetry of TiO 2 single-walled nanotubes
The simplest description of the nanotube symmetry and structure is based on the so-called layer folding which means the construction of the cylindrical surfaces of nanotubes by rolling up the two-periodic (2D) crystalline layers (sheets and slabs).
The anatase TiO 2 bulk crystal is characterized by tetragonal space group 141 (I4 1 /amd) with two formula units in the primitive unit cell (Table 1) . We consider here three types of the nanotubes constructed from initial anatase slabs. The 3-layer model of the anatase (101) slab consists of three atomic layers (O-Ti-O), however, its structural optimization results in formation of fluorite-type (111) slab [17, 19] in which the symmetry can be attributed to the layer group 72 (P3 1). It is the same for 3-layer slab with both anatase and fluorite structures, although the space symmetry of fluorite TiO 2 bulk crystal is described by cubic space group 225 (F 3 ). In the case of 6-layer model (O_O-Ti_Ti-O_O), all the six atoms of the bulk primitive unit cell are included. The 12-layer (O_O-Ti_Ti-O_O_O_O-Ti_Ti-O_O) model contains the two quasi-separated 6-layer slabs. The layer group 18 (C 2/ 11 with a centered rectangular lattice) describes the symmetry of both 6-and 12-layer slabs. Bulk titania with lepidocrocite structure can be attributed to the orthorhombic space group 63 (C ). The 6-layer model of the lepidocrocite (010) slab consists of six atomic layers (O-Ti-O_O-Ti-O) [24] . The layer group 46 (P with primitive rectangular lattice) describes its symmetry.
Let a and b be the primitive translation vectors of the twoperiodic (2D) lattice of the layer and γ the angle between them. To specify the symmetry of nanotubes as monoperiodic (1D) systems, it is necessary to define a finite 1D translation vector L = 1 a + 2 b along the nanotube axis and normal to the chiral vector R = 1 a + 2 b, (
and 2 are integers). The nanotube of the chirality ( 1 , 2 ) is obtained by folding the layer in a way that the chiral vector R becomes circumference of the tube. 
It is well seen from Eqs. (2)- (4) that the translational symmetry of the nanotube may exist for any arbitrary chirality ( 1 2 ) if the nanotube is obtained by folding the layer with hexagonal 2D lattices. However, there are restrictions on the chiralities for rectangular lattices: ( 0), (0 ) for rectangular primitive and (− ), ( ) for rectangular centered ones. These chiralities are known as special chiralities and are given in column 5 of Table 1 . The chiralities ( 0) and (0 ) introduced earlier in [14] [15] [16] for description of 6-layer anatase-type TiO 2 nanotubes (where formalism of rotohelical symmetry was not yet applied) correspond to chiralities (− ) and ( ) used in the present study. Both former chiralities refer to the rectangular primitive lattice described by Eq. (4). The translations of the layer become rotohelical operations T on the nanotube, giving the first family subgroup 1 of the NT line group L ( Table 1 ). The latter has the same parameters for the ray of the nanotubes ( , differing by . Apart from the translational invariance, the layer groups have rotational symmetry generated by the rotations around the axis perpendicular to the layer. But after the layer rolling only the second order axis U survives, being compatible with the monoperiodic symmetry. In addition, the non-oblique 2D lattices have both vertical mirror and glide planes, but not all of them continue to be symmetric operations for nanotubes. Thirteen families of line groups L are known [25, 26] . In column 5 of Table 1 , the number of line group families is given with the special chiralities and factor group P = L T , where T is the group of one-dimensional translations along the tube axis.
Computation details
The first principles LCAO (Linear Combination of Atomic Orbitals) calculations of various titania sheets and nanotubes have been performed using the hybrid HF-KS (PBE0) exchange-correlation functional [27, 28] as implemented in CRYSTAL-06 1 code. The small-core pseudopotential [29] of Ti atom is used in titania nanotube calculations (3 3 3 and 4 -electrons were taken as valence electrons), while the all-electron BS for O-atom has been taken from Ref. [30] . It is well known that in the LCAO calculations of crystals the BS of free atom has to be modified as the diffuse functions cause numerical problems because of the large overlap with the core functions of the neighboring atoms in a dense-packed crystal [31] .
There exist a number of different algorithms for minimization of many-variable functions [32] . The comparative study of their efficiency for the basis set optimization in crystals has been performed recently [33] . To optimize the BS in present study, we use the minimization method without calculations on the total energy derivatives developed by Powell [34] and often called 'the method of conjugate directions'. It is estimated as one of the most efficient direct minimization methods. Being interfaced with the CRYSTAL06 LCAO computational code 1 our program package OPTBAS [33] has been applied for the BS optimization. The BS exponential parameters less than 0.1 were excluded from the AOs and the bound-constrained optimization has been performed for the remaining exponential parameters with a 0.1 lower bound. In any case, these results for the bulk titania (anatase) agree with the experimental data better than those given in [35] for both plane wave (PW) and LCAO calculations when using the different exchange-correlation potentials. Certain improvement of substantially underestimated values of ∆ε gap for bulk anatase in the DFT PW calculations was achieved recently [21] when using the LDA+U method (2.7 eV).
The monoperiodic translation symmetry has been adopted for our nanotube calculations as it was implemented with POLYMER option in CRYSTAL06 1 code. Unfortunately, this option takes into account only the symmetry of rod groups being the subset of the nanotube line groups as present in Table 1 . Serious attempt to overcome this difficulty has been undertaken recently: the last release of CRYSTAL package 2 contains a special input option which allows generation of 1D nanotubes from 2D slabs. However, the formalism of line groups has not been implemented in CRYSTAL09code.
Structural and electronic properties of TiO
2 slabs and nanotubes 4.1. 6-and 12-layer titania sheets with initial anatase (101) structure TiO 2 sheets with a thickness of a few atomic layers were found to be remarkably stable [23] . In the present study, we have optimized the structures of 6-and 12-layer anatase (101) slabs (Fig. 1) cut from anatase bulk as well as calculated their properties. Both 6-and 12-layer anatase (101) slabs keep initial symmetry (Table 1) after structural optimization, although their lattice parameters differ from those in bulk, especially (Table 2 ). Both sixand twelve-layer slabs expose five-fold coordinated titanium atoms, while oxygen atoms can be both two-and three-fold coordinated (Fig. 2) . Surface and formation energies of both titania slabs are qualitatively similar to those calculated earlier [13, 21, 23] : the former grew when increasing the thickness of slab, and the latter reduced. Results presented in Table 2 also indicate a certain convergence of titania sheet properties to bulk ones with increasing of slab thickness. Image of cross-section for 12-layer TiO 2 sheet (Fig. 2b) shows no noticeable structural change unlike the same for 6-layer titania slab. When comparing ∆ε gap for 6-and 12-layer slabs (Table 2) we can conclude that when increasing a thickness of titania sheet, the band gap should approach to the value of anatase bulk. is a difference of energies between slab with "bulk" geometry and that with optimized structure d E ( ) = 1
2S
(E − E ), where E is the total energy of -layer slab per primitive surface unit cell, S its area, while E the total energy per primitive bulk unit cell e all band gaps considered in this Table are indirect
Six-and twelve-layer single-walled TiO

nanotubes
The six-layer titania sheets with anatase-type (101) structure can be rolled up to 6-layer titania SW NTs with ( ) (− ) chirality and ( ) ( ) chirality. Fig. 3 shows the optimized structures of the selected 6-layer nanotubes of both chiralities. A specific feature of these six-layer titania sheets and nanotubes is that both Ti sublayers are rearranged in the middle between both surfaces of the sheets and nanotubes (Figs. 2a and 3 In Table 3 , we present results obtained after structural optimization of 6-layer TiO 2 NTs with ( ) (− ) chirality (for = 3 4 6 9 12) and ( ) ( ) chirality (for = 6 10 15 20 24) . One of the main parameters of nanotube stability, , the strain energy E , is defined as the difference between the total energies of the optimized nanotube (E NT ) and the corresponding slab before rolling up (E ), taking into account the number of slab unit cells in nanotube unit cell containing formula units TiO 2 (measured in kJ/mol per TiO 2 formula unit):
Obviously, the number of atoms per surface unit in (− ) nanotubes is markedly smaller than that in ( ) NTs of the same diameter, thus, the latter can be calculated faster. For a small D NT (low chirality indices), the absolute values of both E and E are large enough, and trying to reduce these diameters even more, we face an enhanced instability of NTs. For example, the convergence of calculations on (4 4) nanotubes has been found to be rather poor. Since hypothetical nanotubes with infinite diameter should coincide with sheets of the same thickness, a consequent growth of the NT diameters leads to a substantial decrease of both relaxation and strain energies (down to zero at infinity), whereas the values of NT Ti-O Ti and ∆ε (Table 3) approach to those for 6-layer titania slab with a hexagonal structure ( Table 2) .
We also analyze dependence of E and ∆ε on D NT for six-layer TiO 2 NTs simulated in present study (Figs. 4  and 5, respectively) . We have considered a large enough range of nanotube diameters, from 0.5 nm to 4.0 nm, with a number of atoms per NT unit cell increased from 36 up to 288. To construct both plots on Figs. 4 and 5, we have performed calculations with the total geometry optimization for altogether 12 one-periodic models of SW TiO Table 3 . The structural and electronic properties of the six-layer SW TiO 2 NTs (Fig. 3) a . (Fig. 1 Two curves E (D NT ) imaged in Fig. 4 show that the strain energy of six-layer NTs with (− ) chirality is smaller than that for ( ) NTs of a similar diameter, , the former are more stable energetically. This difference remains noticeable for nanotubes with diameters 30 Å. When diameters of nanotubes increase up to 40 Å the strain energies decrease and approach each other.
NT chirality indices
For six-layer titania nanotubes of both chiralities, ∆ε (D NT ) curves possess maxima at diameter range 13-17 Å (Fig. 5) . For larger values of D NT , both the relaxation and strained energies of TiO 2 nanotubes substantially decrease while their band gaps asymptotically approach to that for the corresponding 2D slab (Table 2) . We observe some discrepancy with the corresponding results obtained in Ref. [14] (where the authors obtain a relief for the curves ∆ε (D NT ) qualitatively similar to changes of the band gap calculated for the hexagonal 3-layer titania nanotubes [21] where ∆ε is permanently growing). However, results obtained using the method of empirical potentials [14] cannot be properly compared with results of our ab initio calculations.
We also have tried to simulate the twelve-layer singlewalled TiO 2 nanotubes with the anatase morphology. The middle of the 12-layer TiO 2 slab described in Subsection 4.1 consists of two sublayers containing oxygen atoms (Fig. 2b) , and when we obtain the single-walled titania nanotube by rolling up this twelve-layer sheet its thickness is about 2.5 times larger than that for six-layer TiO 2 nanotube. As a result, the atomic structure of the internal wall surface of this 12-layer NT is overstrained even for moderate values of D NT . A comparison of images for both six-and twelve-layer NTs with the same (−6 6) and (12 12) chiralities (Fig. 5) clearly shows quite small geometry relaxation of the former and drastic change of morphology of the latter which cannot be optimized at all, due to a divergence of the SCF calculations after several steps of geometry optimization. This instability can be also illustrated by a drastic difference between the calculated strain energies (E ) of 6-and 12-layer SW TiO 2 NTs with the non-optimized structure after rolling up the corresponding slabs (Fig. 2) in the case of (−6 6) and (12 12) Figure 6 . Cross-sections of 6-and 12-layer SW TiO 2 NTs with (−6 6) and (12 12) chiralities, respectively (D NT for nanotubes with initial geometry are defined as described in Table 3 ).
Conclusions
1. Use of the line group formalism allows the construction of nanotubes of different crystalline morphology. The exploitation of the rotohelical symmetry of NTs, usually quite high, permits to drastically reduce the computation time. A new approach is suggested for the generation of the line group irreducible representations. This approach is based on the isomorphism between line and plane groups.
2. Ab initio LCAO calculations using the hybrid PBE0 Hamiltonian allow us to perform the analysis of the atomic and electronic structure of TiO 2 sheets as well as nanotubes simulated using different models.
3. The strain energies of 6-layer SW TiO 2 NTs decrease with the growth of nanotube diameter, approaching to a minimum for infinite D NT . ∆ε (D NT ) curves for both nanotube chiralities achieve maxima at diameter range 13-17 Å and after its further growth both gaps asymptotically approach to that for the corresponding 2D slab.
The twelve-layer SW TiO
2 NTs have been found to be energetically non-stable as single-walled nanotubes. We can predict that for these nanotubes, the more preferable morphology has to be doublewalled (DW) NTs of the same chirality consisting of a pair of six-layer nanotubes of different diameters and chirality indices.
